§1. Introduction.
In [LL] we studied the following dissipative system which comes from the modeling of the flow of liquid crystals: In that paper, we have already shown the existence of the global weak solutions and the global classical solutions under certain conditions. The local existence of classical solutions was established as well. The most important property of the solutions of (1.1)-(1.6) is the following "basic energy inequality": |v|2+A|vd|2 for almost all t G (0, T] .
However, there is still a gap between the case of existence and the case the solutions being regular. Because of that, in this paper, we want to give a partial regularity result for suitable weak solutions of the system (1.1)-(1.6). The existence of such solutions can be shown easily, see the discussions in Section 2.
The situation here is very much like that for the Navier-Stokes equations. There have been a lot of works concerning the regularity properties of the Navier-Stokes equation: Serrin [Se] has shown that a weak solution of (1.7)-(1.9) will be locally bounded (hence locally regular in spatial direction) under the following assumption: Fabes, Jones, Riviere [FJR] and Sohr, von Wahl [W] extended this result to the equal case.
We note that, in Serrin's result, the regularity with respect to the time, t, variable is much weaker. The so called classical solution usually means the one with infinitely smoothness with respect to the spatial variables. Actually the following example constructed be Serrin prevent one from further expectation of the regularity in the time direction. Let a(t) be any measurable function and f(x) to be a harmonic function, then v(t) = a(t)Vf(x) is a weak solution of equations (1.7)-(1.9). Of course, for the boundary value problems, the situation may be better, see [La] .
The gap between the case of existence and the case of regularity still exists for the Navier-Stokes equations. Schefer ([SI]- [S4] ) first proved that under some conditions, the Hausdorff dimension of the singular set for the weak solutions of Navier-Stokes equation is |. The best known result in this direction is probably that of Caffarelli, Kohn Nirenberg [CKN] which shows that the singular set of a "suitable weak solution" of the system (1.7)-(1.9) will satisfies: P 1 (S) = 0 where P 1 is the one-dimension Hausdorff measure with respect to the parabolic matric in R 3 x R. Also, by using an estimate of Solonnikov [SOI] , they proved the existence of the "suitable weak solution" in their paper.
The main technical devices in [CKN] are an induction argument and a decay estimate. The induction argument is a localized version of ScheflFer's argument [S4] , which gives the Pt estimate on the singular sets. However, due to one missing estimate for the pressure (see the proposed conjecture in [CKN] page 780), the argument in [CKN] becomes very difficult. However they still managed to get the conclusion P X (S) = 0.
Motivated by the results of [CKN] and the relation between the system (1.1)-(1.6) and the Navier-Stokes equation (1.7)-(1.9) which was established in [LL], we will show the following partial regularity results for the system (1.1)-(1.6). [CKN] did for the Navier-Stokes equation, the "suitable weak solution" here will have the following "generalized energy inequality" :
Main
, for any <f> which is a smooth function and has compact support in fi x (0, T).
The second to the last term in (1.11) represents the following:
The term R(/,tf>) is given by R(/,<£) = / Q 
We finally arrive at (1.11) by adding these two result. This paper follows very closely to [CKN] . In Section 2, we will prove several key estimates. These estimates form a frame of the induction argument. After taking out the terms involving d, these estimates are just those for the Navier-Stokes equation. After using a stronger estimate for the pressure due to Von Wahl, our arguments are some what simpler than that of [CKN] .
In Section 3, we will first prove the key decay estimate. Combining this decay estimate and the results from Section 2, we will be able to obtain the main theorem.
Viscousity constants i/, A, 7 play no role in the results of this paper. For this reason we shall simply assume them to be all 1. §2. Notations And Basic Estimates.
Suppose Q is an open, smooth domain in R 3 , we define a cylinder with the top center point (x,t) to be QrOM) = {(ViT)||y -x\ < r,t -r 2 < r < *} (2.1)
For any IcR 3 xR,K0,we define
where P}(X) = ini{J2Zi rk \ X c UZiQ^U < 6} here Q ri represents a parabolic cylinder. We know that P k is an outer measure. All Borel sets are P k measurable, and P k is Borel regular (cf. [Fed] ).
Also, we have
where H fc is the HausdorflF measure with respect to the parabolic matrix d((x, £), (y, r)) =
Next, we define another kind of cylinder -x\ < r,t -^r 2 < r < * + ^r 2 } (2.4)
As we have seen in [LL] , for the system (1.1)-(1.6), v has scaling dimension -1, P has dimension -2, d has dimension 0, while x has dimension 1 and time t has dimension 2.
We define L p (0, T; L q (Q,)) to be the closure of C°° functions under the following norm
In the case of T = oc, we simply write it as L p (L 9 (f2)). If p = g, we will write it as
The following lemmas will be very important in this and the next section. Note that in the case n = 3,ra = 2,p = 2, the lemma gives the bound of the norm of the function. Since the weak solutions obtained in [LL] satisfy: The proof of this lemma can be found in [CKN] . One interesting case is when p, a = 1, we recover the L"s" norm stated above. Let us consider the global weak solution of (1.1)-(1.6) so that, 9 ) and satisfies (1.1)-(1.6) in the weak sense. the next Theorem will give an estimate of the pressure P. It follows from that of Sohr and von Wahl [SW] for the Navier-Stokes equations. s,p € (l,oo) with n < J + J,J + i<l,J = J + i, such that
Lemma 2,1 (Poincare Inequality). IfCl is a bounded smooth domain, then
Then there exists a P 6 L«(0, T; LP(fi)) «;i</i VP G L a (O,r; L«(f2)) u;/iic/i satisfies (1.1)-(1.6) together with v,d.
Remark. In Theorem 2.5, if we take s = p = |,n = 3, g = ||, we get that P € Lf (0,T;Li). And this proves the conjecture of [CKN] page 780.
There are several ways to prove the theorem. Besides the method used by Sohr and von Wahl [SW] , one can also use the estimate by Solonnikov [Sol] which was actually used by Caffarelli, Kohn, Nirenberg in [CKN] to prove the existence of the suitable weak solution of Navier-Stokes equation. We will just sketch the idea of the proof here.
Since we have that
which implies that
By Holder's inequality, we have that
The same argument works for the term V(VdQ Vd).
We rewrite the equation (1.1) in the form:
The left hand side is the Stokes operator, while the right hand side is in L* space-time. After we do the same estimates fot V(VdO Vd), we get,
which, by the Sobolev's embedding theorem, implies,
Now we can give the definition of the "suitable weak solutions" of the system (1.1)-(1.6). Since the estimate of the pressure in Theorem 2.5, we don't need the unnatural restraint P € Lf (ft x (0,T)) as in the definition of [CKN] . 
Definition.
A point x,£ is called a regular point of the solution if |v(x, t)\ + |Vd(x,t)| < Cfor Lebesgue almost every point (x, i) € Qi. The complement of the set of all the regular points will be called the singular set.
Remark. Suppose that Theorem 2.6 is true. Let V be a neighbourhood of 5, which is the singular set of a solution in D = Q x [0,T]. For each point (x,£) € 5, we choose Q*(x, t) CV such that, for any 5, we can find r < 5, and
! + |P|f)>e
This is because otherwise, by using Holder's inequality, we see (2.23) will be true and (x, i) will be a regular point.
Applying a Vitali-type covering lemma, we obtain a disjoint subfamily Q* (x, £), such that and we see that < 5c-1 J J (|v|* + |Vd|* + \P\*)dxdt
IV
Since 8 is arbitrary, we get that S has Lebesgue measure zero, and also
<-f [ (|v|¥ + |Vd|¥ + \P\l)dxdt t J Jv
for every neighbourhood V of S. Since \P\%)dxdt<oo and since V is arbitrary neighbourhood of S, We have
The proof of the Theorem 2.6 is built upon an induction argument which was used in [SI] and [CKN] .
We pick a point (a,s) € Qi (0,0), such that, §e (2.24)
Here we notice the fact that Qi(a, s) C Qi(0,0). Let Q n = Qr n (o, s), where r n = 2~n.
The induction argument follows from the following Lemmas. Let (v,d,P) be a suitable solution of (1.1)-(1.6) satisfying (2.23), (2.24). To summerize, we have obtained
[ f |v||P 9 -P 9 \dxdt < Cr In the other words, we have
Proof of Lemma 2.8. Without lose of generality, we will assume (a, 5) to be just (0,0). First, we have to obtain a modified version of the generalized energy inequality (1.11). Take the test function of the form </>(£, t)^^), where 77 = 1 when s > 1 and 77 = 0 for s < 0 and it is a smooth function between 0 and 1. After putting this in (1.11) and taking the limit of e goes to zero, we get the following: 
Next we choose the test function to be of form <j) n = x^m such that 1 w^e "
44)
and x is the cut-off function with is smooth, between 0 and 1, and equal to 1 in Qi (0, 0) and equal to 0 outside Qi(0,0).
3
We note that ip n is the fundemental solution of the backward heat equation
with singularity at (0, r£ While by the divergence free property of v, Poincare inequality and Holder inequality, we have :
where ~g above means the average of g in Q*. The reason of introducing it is to lower the power of V|v| 2 as we will see later.
The term VI which has the pressure P is nothing else but F(p).
We now deal with term VII Therefore,
Now we can combine all the above estimates to get the followings.
Finally we have C( 7 p) + il(7p)*B(7P)* + 7 f ^(^P) § + (7 f )C(7P) + 7 3 <?(^p) + 7 ^( and using the estimates of A(r), one has concluded that,
D(p)
here #(7) is a smooth function for 7 not equal to zero, and £(7) is a function for 7 which is some linear combination of the positive power of 7. We will put (3.9) again in the last term of the right hand side. Now we see, if we take 7 small enough to make £(7) small, then take B(p) which is the 6 small enough to make H(y)B(^p)^ small, we will get (3.1).
Remark. In the above argument, we see some special features of system (1.1)-(1.6). For the Navier-Stokes equation, AP is equal to the quadratic form of Vv, but for the system (1.1)-(1.6), it als depends on the multiplication of Vd and V 3 d! (see (3.15) ) We overcome this difficulty by integrating by part (see (3.20) ).
The immediate result consequence of Lemma 3.1 and Theorem 2.6 is the following then (x, t) is a regular point.
The following somewhat standard covering argument can be used to prove the Main Theorem.
Let V be a neighbourhood of 5, which is the singular set of a solution in D = Q x [0, T]. For each point (x,t) € 5, we choose Q*(x,i) C V such that, for any 5, we can find r < 5, 
